This note investigates the minimal number of unilateral thrusters required for di erent versions of nonlinear controllability of a planar rigid body. For one to three unilateral thrusters, we get a new property with each additional thruster: one thruster yields small-time accessibility on the body's state space TSE(2); two thrusters yield global controllability on TSE(2); and three thrusters yield small-time local controllability at zero velocity states.
Introduction
In this note we study the minimal number of unilateral thrusters required for di erent versions of nonlinear controllability of a planar rigid body. The dynamics can be viewed as a simple model of a planar spacecraft or hovercraft, also studied by Manikonda and Krishnaprasad 7] and Lewis and Murray 4]. The con guration space of the body is C = SE(2), the set of planar positions and orientations, and its state space is the tangent bundle TC. The con guration of the planar body is q and its state is (q; _ q).
We place the following restrictions on the thrusters: 1. Each thruster provides a line of force xed in the body frame. 2. Each thruster is unilateral. A pair of opposing thrusters is counted as two thrusters. 3. Each thruster has only two states, o or on, with thrust magnitudes 0 or 1. 4. Only one thruster may be on at a time. With these restrictions on the thrusters, we can choose thruster con gurations verifying the following properties (which will be made formal later):
One thruster The planar body is small-time accessible. For any (q; _ q) and any neighborhood V of (q; _ q), the body can reach a full-dimensional subset of TC without leaving V . Two thrusters The planar body is controllable. It can reach any (q 1 ; _ q 1 ) from any other (q 0 ; _ q 0 ) in nite time.
1
Three thrusters The planar body is small-time locally controllable at zero velocity states.
These properties are tight|a planar body with one thruster can never be controllable, and a planar body with two thrusters can never be small-time locally controllable. These properties are also tight if we relax restrictions 3 and 4 on the thrusters, allowing simultaneous use of multiple thrusters with thrust values in 0; 1].
De nitions
A coordinate frame F B is attached to the center of mass of the planar body B, and its con guration in an inertial frame F W is given by q = (x w ; y w ; w ) T . The state of B is written (q; _ q) 2 TC. We de ne the zero velocity section Z as the three-dimensional space of zero velocity states (q; 0). where X 0 (q; _ q) = ( _ x w ; _ y w ; _ w ; 0; 0; 0) T is the drift vector eld, u i is the thrust applied at the ith thruster, and X i (q; _ q) is the corresponding control vector eld. The body B has n thrusters. Only one thruster can be on at a time, and the thrust is unit. A feasible trajectory for B is a solution of (1) for a control function u(t) 2 U for all t.
To simplify the equations of motion, we choose the unit mass to be the mass of B and the unit distance to be the radius of gyration of inertia of B. Unit time is chosen to make the thrust magnitude unit. The control vector eld X i can then be written (0; 0; 0; f xi cos w ?f yi sin w ; f xi sin w + f yi cos w ; i ) T , where (f xi ; f yi ) is the unit thruster force expressed in the frame F B (f For an initial con guration q at zero velocity and neighborhood V C of q on C, they de ne R V C C (q; T) to be the set of reachable con gurations (with any velocity) at time T by trajectories remaining in the con guration neighborhood V C . They call a system small-time locally con guration controllable if R V C C (q; T) contains a neighborhood of q on C for any neighborhood V C and all T > 0. (This is a weaker condition than small-time local controllability, which requires the locally reachable set to be a neighborhood of (q; 0) on the full state space, not just the con guration space.) They showed that a planar body with two bilateral thrusters (or four unilateral thrusters) is small-time locally con guration controllable. Lewis 3] also showed that a planar body with a single bilateral thruster is not small-time locally con guration controllable, and hence not small-time locally controllable.
Our interest in unilateral control forces arises from our previous work on robotic pushing of an object over a frictional support surface (Lynch and Mason 5] ) and dynamic nonprehensile manipulation (Lynch and Mason 6]). In both cases, the robot controls the motion of an object by applying forces through unilateral contact. Unilateral inputs are fundamental to the controllability analyses of these systems, and the results of our work on dynamic manipulation lead directly to the results in this paper. Controllability with unilateral inputs has also been studied by Goodwine and Burdick 1].
The primary contribution of this paper is to generalize existing results to the case of unilateral thrusters and to provide new results regarding global controllability.
One Thruster
We begin by checking accessibility for a single thruster (n = 1). To test for small-time accessibility we examine the Lie algebra of the system vector elds. If V is a family of vector elds (corresponding to constant controls) on a manifold M, then L(V), the accessibility Lie algebra, is the smallest subalgebra of vector elds on M containing V. Proof: The conditions are clearly necessary. To prove they are su cient, we need only prove 1. The planar body B is controllable on its velocity space, the quotient space TC=C. Any velocity is attainable from any other velocity.
2. The planar body B is controllable on its three-dimensional zero velocity section Z. B can move from any (q 0 ; 0) to any (q 1 ; 0). Using these properties, B can be brought to a zero velocity state (q 1 ; 0) (Property 1), moved to an arbitrary zero velocity state (q 2 ; 0) (Property 2), and accelerated to the goal (q 3 ; _ q 3 ). This last step is possible because, by Property 1, there is a control u( ) to take B from zero velocity to the goal velocity _ q 3 . Following the trajectory associated with u( ) backward from (q 3 ; _ q 3 ) we obtain the zero velocity state (q 2 ; 0). . We nd that @m f (t; ! 0 )=@t ! f as t approaches 0 from above, for any ! 0 , verifying the lemma for any given (?! max ; ! max ). An example plot of m f (t; ! 0 ) for f = = 1 is shown in Figure 2. 2
We now prove properties 1 and 2 above.
Proposition 1 A planar body B with two thrusters, f 1 ; f 2 with 1 > 0; 2 < 0, is controllable on its velocity space, the quotient space TC=C. Any velocity is attainable from any other velocity.
Proof: We decouple the proof of this property by showing that the body's angular velocity can be changed arbitrarily without changing the linear velocity, and the linear velocity can be changed arbitrarily without changing the angular velocity. We begin with the former. There exists a ! > 0, for any initial angular velocity _ w , such that two applications of the force f 1 (respectively f 2 ), for times t 1 To see this, consider f 1 (similar reasoning holds for f 2 ) applied for a time t 1 at an initial angular velocity ! 1 . By Lemma 1, there exists a neighborhood W of (0; ! 1 ) such that for all (t; !) 2 W, @m f 1 (t; !)=@t > 0 (m f 1 does not achieve a local maximum or minimum, and the constant m f 1 contours never become parallel to the t-axis). Therefore we can choose t 1 To see that the linear velocity can be changed arbitrarily without changing the angular velocity, rst assume B is always rotating. The forces f 1 and f 2 can be applied in pairs such that their total torque impulses cancel and their linear components yield a change of velocity in the desired direction. Because B is rotating, the linear components of f 1 and f 2 can take any direction in F W .
Finally, B can be maneuvered to any desired velocity by rst transferring it to the desired linear velocity (possibly after giving it an initial angular velocity) and then transferring it to the desired angular velocity. We wish to show that this set contains a neighborhood of the origin on Z. First we observe that by choosing 1 = 2 = 3 = 2 =3, B returns to the zero con guration (0; 0; 0) T . We will If f 2 = (1; 0; ? 1 ) T , the reachable con guration space by the control sequence above is a onedimensional curve, regardless of the number of applications of the sequence. Therefore we modify the control sequence above by prepending it with the following two steps (assume B begins at (0; 0), and k = 1= 1 ): Apply an f 1 impulse and allow B to drift for time = . The new state is ( k; 0; ; k ; 0; ) T . Apply an f 2 impulse, stopping B's motion. The new state is ( k; 0; ; 0; 0; 0) T . Then continuing with the four steps described previously, the nal reachable curve is f( 1 ; 0) = ( k cos 1 ; k sin 1 ; 1 + ) T . Applying the complete six-step control sequence two more times, we get R 123 = ff( 3 ; f( 2 ; f( 1 ; 0)))j 1 ; 2 ; 3 We have shown that by applying controls in a neighborhood V of 0 in the control space, B, starting from the zero velocity con guration (0; 0; 0) T , can reach a neighborhood W of (0; 0; 0) T on Z using impulses. W is invariant to q when expressed in the frame F B , so from any con guration q on Z, B can reach a neighborhood of con gurations of q on Z. Continuing in an analogous manner for steps 3 and 4 (B returns to zero velocity after step 4), and repeating the sequence twice more, we get a smooth nal con guration error e 123 ( 1 ; 2 ; 3 ; T)
such that e 123 ( 1 ; 2 ; 3 ; T) ! 0 as T ! 0. For any W R 123 above, where W is a neighborhood of (0; 0; 0) T on Z, we can de ne the set W 0 = fw + e 123 ( 1 ; 2 ; 3 ; T)jw 2 Wg, where 1 ; 2 ; 3 are the controls (for the impulse case) that take B to w. By choosing T small enough, W 0 also contains a neighborhood of (0; 0; 0) T on Z. Therefore B can reach a neighborhood of any initial con guration q on Z with f 1 and f 2 , and B is controllable on its zero velocity section. Finally, we note that two thrusters are never su cient for small-time local controllability. Lewis 3] and Manikonda and Krishnaprasad 7] showed that a bilateral thruster (or two opposing unilateral thrusters) are insu cient for small-time local controllability at the origin. Under certain conditions, the Lie Algebra Rank Condition can be used to prove small-time local controllability. One such condition is that the system vector elds are symmetric|all vector elds can be followed forward and backward. Sussmann 10] generalized this notion of input symmetries to prove a general su cient condition for small-time local controllability. We use a speci c version of his result to prove that a planar body with three thrusters can be small-time locally controllable on the zero velocity section Z.
Theorem 3 (2) We will also need the bracket terms X 3 = X 0 ; X 1 ], X 4 = X 0 ; X 2 ], X 5 = X 1 ; X 0 ; X 2 ]], X 6 = X 0 ; X 1 ; X 0 ; X 2 ]]]. We show that small-time local controllability of (2) with two bilateral thrusters implies small-time local controllability of (1) with three unilateral thrusters satisfying the conditions of Theorem 3. Now we give some de nitions necessary to apply a version of Sussmann's 10] su cient condition for small-time local controllability to a system such as (2) . For a bracket term B, we de ne i (B) as the number of times X i appears in B, and the degree of B is P n i=0 i (B). B is called a \bad" bracket if 0 (B) is odd and i (B) is even for all i 2 f1; : : :; ng, and B is a \good" bracket otherwise. A \bad" bracket B is \neutralized" at a state p if B, evaluated at p, is the linear combination of \good" brackets of lower degree evaluated at p. Sussmann proved that if the system satis es the Lie Algebra Rank Condition at p and all \bad" brackets evaluated at p are neutralized, then the system is small-time locally controllable at p. Consider the control vector elds X 1 = (0; 0; 0; cos w ; sin w ; 0) T and X 2 = (0; 0; 0; ? sin w ; cos w ; ) T . The force f 1 acts through the center of mass along the x-axis of F B and f 2 acts along the y-axis with torque about the center of mass. The force lines intersect at a point C not at the center of mass. Calculating the brackets above, we nd that det(X 1 X 2 X 3 X 4 X 5 X 6 ) = plane, and the controls ju i j 1 de ne a compact, convex subset of P containing the origin in the interior (relative to P). By Sussmann's 10] Proposition 2.3, small-time local controllability for this system implies small-time local controllability for the bang-bang system with the extremal controls u 1 ; u 2 2 f?1; 1g. Scaling, small-time local controllability holds for any compact, convex set of control forces that contains a neighborhood of the origin in P, and Sussmann's proposition indicates that the extremal forces alone are su cient. Therefore, any set of control forces that positively spans the plane P also yields small-time local controllability. Any three unilateral forces which intersect at C and positively span the (x; y) plane also positively span P.
2 A planar body which is small-time locally controllable on Z is shown in Figure 5 . This planar body can follow any path on Z arbitrarily closely.
Rotating Thrusters
Now suppose the planar body has a single unilateral thruster which can rotate in place with respect to the body (Manikonda and Krishnaprasad 7] ). The thruster is not located at the center of mass, and the x-axis of F B is aligned with the line through the thruster and the center of mass ( Figure 6 ). The thruster has two controls: the thrust value u 2 f0; 1g, and the rotation angle of the thruster relative to F B , 2 = min ; max ]. The Lebesgue measure of the angle interval is denoted j j. Then Theorem 2 can be used to show that the body is controllable provided 0 2 ( min ; max ) or 2 ( min ; max )| contains a neighborhood of 0 or (remembering that angles are modulo 2 ). This implies that the thruster can apply both positive and negative torques. Similarly, Theorem 3 can be used to show that the body is small-time locally controllable on Z if j j > . Such a thruster can apply forces which positively span the plane and pass through a single point in F B (the thruster position) not at the center of mass.
Conclusion
This note has derived the minimum number of unilateral thrusters necessary for three di erent versions of nonlinear controllability of a planar rigid body. Challenging open problems include nding optimal controls for controllable planar bodies with two unilateral thrusters or smalltime locally controllable planar bodies with three unilateral thrusters, and nding nonsmooth or time-varying feedback controllers. 
